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POINCARE´ PROBLEM FOR WEIGHTED PROJECTIVE
FOLIATIONS
F. E. BROCHERO MARTI´NEZ, M. CORREˆA JR., AND A. M. RODRI´GUEZ
Abstract. We give a bounding of degree of quasi-smooth hypersurfaces which
are invariant by a one dimensional holomorphic foliation of a given degree on
a weighted projective space.
1. Introduction
Henri Poincare´ studied in [12] the problem to decide if a holomorphic foliation
F on the complex projective plane P2 admits a rational first integral. Poincare´
observed that in order to solve this problem is sufficient to find a bound for the
degree of the generic curve invariant by F . In general, this is not possible, but doing
some hypothesis we obtain an affirmative answer for this problem, which nowadays
is known as Poincare´ Problem. This problem was treated by D. Cerveau and A.
Lins Neto [5]. M. Brunella in [2] observed that obstruction to the positive solution
to Poincare´ problem is given by the GSV index. There exist several works about
Poincare´ problem and its generalizations, see for instance the papers: M. Carnicer
[4], J. V. Pereira [11] , M . Brunella and L.G. Mendes [3], E. Esteves and S. Kleiman
[9].
M. Soares in [13] proved the following Theorem for smooth hypersurfaces invari-
ant by foliations on Pn .
Theorem 1.1. [13] Let F be a holomorphic one dimensional foliation on Pn with
isolated singularities. If V ⊂ Pn is a smooth hypersurface invariant by F , then
deg(V ) ≤ deg(F) + 1.
In [6] M. Correˆa Jr and M. Soares studied the Poincare´ problem for foliations on
weighted projective planes.
Theorem 1.2. Let F be a foliation on the weighted projective plane P(ω0, ω1, ω2)
such that Sing(F) ∩ Sing(P(ω0, ω1, ω2)) = ∅ . If S is a quasi-smooth invariant
curve, then
deg(S) ≤ deg(F) + ω0 + ω1 + ω2 − 2.
In this work, we give a bounding of degree of quasi-smooth hypersurfaces which
are invariant by a one dimensional holomorphic foliation of a given degree on a
weighted projective space. Throughout this paper, P(ω) will denote the weighted
projective space of dimension n and weights (ω0, . . . , ωn).
We prove the following theorem.
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Theorem 1.3. Let F be a holomorphic one dimensional foliation on P(ω) with
isolated singularities, let V ⊂ P(ω) be a quasi-smooth hypersurface invariant by F .
(i) If n = 2, then
deg(V ) ≤ deg(F) + ω0 + ω1 + ω2 − 2;
(ii) if n ≥ 3 and deg(F) ≥ ω0 + · · ·+ ωn + 1, then
deg(V ) < deg(F) + αn(ω0 + · · ·+ ωn)− 1,
where αn =
{
the positive root of Rn(x) := x(x + 1)
n − 2 = 0 if n is odd
αn−1 if n is even
This result say us that the hypothesis Sing(F)∩Sing(P(ω)) = ∅ is not necessary.
Therefore, the Theorem 1.2 is improved in the case n = 2 and generalized whenever
the condition deg(F) ≥ ω0 + · · ·+ ωn + 1 holds.
Remark 1.4. By a direct computation, we can calculate the first values of αn with
4 decimal places:
n 3 5 7 9 11 13 15 17 19
αn 0.5436 0.3880 0.3069 0.2563 0.2214 0.1957 0.1759 0.1601 0.1471
In addition, since
Rn
(
lnn− ln lnn
n
)
<
lnn− ln lnn
n
exp(lnn− ln lnn)−2 =
lnn− ln lnn
lnn
−2 < −1
and for any constant ǫ > 0, and all n≫ 0
Rn
(
lnn− (1− ǫ) ln lnn
n
)
≈
lnn− (1− ǫ) ln lnn
n
exp(lnn− (1− ǫ) ln lnn)− 2
= (lnn)ǫ
(
1−
lnn− ln lnn
lnn
)
− 2≫ 0.
Using that Rn(x) is an increasing function in R
+, it follows that
lnn− ln lnn
n
< αn <
lnn− (1− ǫ) ln lnn
n
for all n≫ 0.
In general, from the fact that 2n+1 <
lnn−ln lnn
n for all n ≥ 21, we have that
max
{
2
n+1 ,
lnn−ln lnn
n
}
< αn <
ln 2n
n for all n ≥ 3.
Let us give a family of examples of holomorphic foliations satisfying the condi-
tions of Theorem 1.3:
Let a0, b0, a1, . . . , an, bn be positive integers, without common factor in pairs and
such that
ξ := a0 + b0 = · · · = an + bn.
and consider the well formed weighted projective space P2n+1(a0, b0, . . . , an, bn).
Let F be the holomorphic foliation on P2n+1(a0, b0, . . . , an, bn), induced by the
quasi-homogeneous vector field
Z =
n∑
k=0
(
βkY
βk−1
k
∂
∂Xk
− αkX
αk−1
k
∂
∂Yk
)
,
where the αk, βk ∈ N satisfy the following relation
ζ = akαk = bkβk for all k = 0, . . . , n.
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A quasi-smooth hypersurface on P2n+1(a0, b0, . . . , an, bn) of degree ζ given by
V =
{
n∑
k=0
(
Xαkk + Y
βk
k
)
= 0
}
.
We can see that V is invariant by F and deg(F) = ζ − ξ + 1 . Moreover, since ai
and bi divide ζ, it follows that ζ ≥ a0b0 · · · anbn ≫ (n+ 2)ξ and
deg(F) = ζ − ξ + 1 ≥ (n+ 1)ξ + 1 = 1 +
n∑
j=0
aj + bj.
So, the hypothesis of Theorem 1.3 is satisfied.
Finally, we have
deg(V )− deg(F) = ξ − 1 =
1
n+ 1
( n∑
j=0
aj + bj
)
− 1 < α2n+1
( n∑
j=0
aj + bj
)
− 1.
We can construct a similar foliation on even dimensional weighted projective spaces
P2n+2(a0, b0, . . . , an, bn, an+1) where ξ = ak + bk for all k = 0, . . . , n.
Let suppose that ζ = akαk = bkβk = an+1αn+1 for all k = 0, . . . , n and consider
the vector field Z in the previous example. Thus, the quasi-smooth hypersurface
on P2n+2(a0, b0, . . . , an, bn, an+1) of degree ζ given by
V =
{
n∑
k=0
(
Xαkk + Y
βk
k
)
+X
αn+1
n+1 = 0
}
is invariant by Z and therefore we obtain the same conclusions.
2. Weighted projective foliations
Let ω0, . . . , ωn be integers ≥ 1. Consider the C∗-action on Cn+1\{0} given by
λ · (z0, . . . , zn) = (λ
ω0z0, . . . , λ
ωnzn),
where λ ∈ C∗ and (z0, . . . , zn) ∈ Cn+1\{0}. The weighted projective space of type
(ω0, . . . , ωn) is the quotient space P(ω0, . . . , ωn) = (C
n+1 \ {0}/ ∼), induced by the
action above . We will abbreviate P(ω0, . . . , ωn) := P(ω).
Consider the open Ui = {[z0 : · · · : zn] ∈ P(ω0, . . . , ωn); zi 6= 0} ⊂ P(ω0, . . . , ωn),
with i = 0, 1, . . . , n. Let µωi ⊂ C
∗ be the subgroup of ωi-th roots of unity. We can
define the homeomorphisms φi : Ui −→ Cn/µωi, by
φi([z0 : · · · : zn]) =
(
z0
z
ω0/ωi,
i
, . . . ,
ẑi
zi
, . . . ,
zn
z
ωn/ωi,
i
)
ωi
,
where the symbol “̂” means omission and (·)ωi is a ωi-conjugacy class in Cn/µωi
with µωi acting on C
n by
λ · (z0, . . . , zˆi, . . . , zn) = (λ
ω0z0, . . . ẑi, . . . , λ
ωnzn), λ ∈ µωi .
On φi(Ui ∩ Uj) ⊂ Cn/µωi we have the transitions maps (j < i)
φi ◦ φ
−1
j ((z0, . . . , zˆi, . . . , zn)ωi) =
(
z0
z
ω0/ωj ,
j
, . . . ,
ẑj
zj
, . . . ,
1
z
ωi/ωj
j
, . . . ,
zn
z
ωn/ωj
j
)
ωj
.
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2.1. Line bundles on P(ω) and quasi-homogeneous hypersurface. Let d ∈ Z.
Consider the C∗-action ζd on C
n+1\{0} × C given by
ζd : C
∗ × Cn+1\{0} × C −→ Cn+1\{0} × C
(λ, (z0, . . . , zn), t) 7−→ ((λω0z0, . . . , λωnzn), λdt).
We denote the quotient space induced by the action ζd by
OP(ω)(d) := (C
n+1\{0} × C)/ ∼ ζd.
The space OP(ω)(d) is a line orbibundle on P(ω). It is possible to show that the
Picard group of P(ω) is generated by OP(ω)(1), i.e.
Pic(P(ω)) := Z · OP(ω)(1).
As usual we set OP(ω)(1)
⊗d := OP(ω)(d) for d ∈ Z. Moreover, we have the identifi-
cation (d ≥ 0)
H0(P(ω),OP(ω)(d)) =
⊕
ω0k0+···+ωnkn=d
C · (zk10 · · · z
kn
n ).
Thus, the global sections of OP(ω)(d) can be identify, in homogeneous coordinates,
with quasi-homogeneous polynomials of degree equal to d.
Thus, a quasi-homogeneous hypersurface V on P(ω), of quasi-homogeneity degree
d0, is given by V = {f = 0}, where f ∈ H0(P(ω),OP(ω)(d0)). We say that V =
{f = 0} is quasi-smooth if its tangent cone {f = 0} on Cn+1 − {0} is smooth.
2.2. Foliations on P(ω) and quasi-homogeneous vector fields. A singular one
dimensional holomorphic foliation on P(ω), of degree d, is given by an element of
PH0(P(ω), TP(ω)⊗Oω(d− 1)).
On P(ω) we have an Euler sequence
0 −→ OP(ω)
ς
−→
n⊕
i=0
OP(ω)(ωi) −→ TP(ω) −→ 0,
where OP(ω) is the trivial line orbibundle and TP(ω) = Hom(Ω
1
P(ω),OP(ω)) is the
tangent orbibundle of P(ω). The map ς is given explicitly by ς(1) = (ω0z0, . . . , ωnzn)
(see [13]).
Now, let X be a quasi-homogeneous vector field of type (ω0, . . . , ωn) and degree
d on Cn+1, i.e. X =
n∑
i=0
Pi(z)
∂
∂zi
where each polynomial Pi satisfies the “weight-
homogeneous” relation
Pi(λ
ω0z0, . . . , λ
ωnzn) = λ
d+ωi−1Pi(z0, . . . , zn), ∀i = 1, . . . , n.
These vector fields descend well to P(ω). In fact, tensoring the Euler sequence by
OPω(d− 1), we obtain
0 −→ OP(ω)(d− 1) −→
n⊕
i=0
OP(ω)(d+ ωi − 1) −→ TP(ω)⊗OP(ω)(d− 1) −→ 0.
It follows that a quasi-homogeneous vector field X induces a foliation F of P(ω) and
that g Rω+X define the same foliation as X , where Rω is the adapted radial vector
field Rω = ω0z0
∂
∂z0
+ · · · + +ωnzn
∂
∂z2
, with g a quasi-homogeneous polynomial of
type (ω0, . . . , ωn) and degree d− 1. Therefore, a quasi-homogeneous vector field of
type (ω0, . . . , ωn) and degree d on C
n+1 induces a holomorphic foliation on P(ω)
given by a global section of H0(P(ω), TP(ω)⊗Oω(d− 1)).
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We have the following condition on the degree of a foliation
d > 1− max
0≤i<j≤n
{ωi + ωj}.
In fact, by Bott’s Formulae for weighted projective spaces (see [8]), we have that
H0(P(ω), TP(ω)⊗Oω(d− 1)) ≃ H0(P(ω),Ω
n−1
P(ω)(
∑n
i=0 ωi + d− 1)) 6= ∅,
if and only if, d− 1 > − max
0≤i6=j≤n
{ωi + ωj}.
An algebraic hypersurface V ⊂ P(ω) in invariant by a foliation F if TpFp ⊂ TpV
for all p ∈ V \Sing(V ) ∪ Sing(F).
2.3. Orbifold Milnor numbers and Baum-Bott formula.
Definition 2.1. Let M be a complex orbifold and F a singular holomorphic foli-
ation on M . Let p ∈ M be and (U˜ , Gp, ϕ) an orbifold chart U of p, the orbifold
Minor number of F on p is the rational number
µorbp (F) =
µp˜( ξ˜ )
|Gp|
,
where µp˜( ξ˜ ) is the milnor number of the local lift ξ˜ on p˜ of a the vector field ξ
tangent to F on U˜/Gp.
We will use the following Baum-Bott theorem for orbifolds due to M. Correˆa, A.
M. Rodr´ıguez, M. G. Soares [7].
Theorem 2.2. Let M be a compact complex orbifold, of dimension n, and F a
singular holomorphic foliation on M induced by a global section of TM ⊗ L, with
isolated singularities. Then∫ orb
M
cn(TM ⊗ L) =
∑
p∈Sing(F)
µorbp (F).
On Weighted projective spaces and quasi-homogeneous and quasi-smooth hyper-
surfaces we have the following.
Corollary 2.3. [7] Let F be a foliation of degree d on P(ω). Then∑
p∈Sing(F)
µp(F)
orb =
1
ω0 · · · ωn
n∑
j=0
(d− 1)n−jσj(ω),
where σk(ω) denotes the k-th elementary symmetric function.
Corollary 2.4. Let V be a quasi-homogeneous and quasi-smooth hypersurface, of
degree d0, invariant by a holomorphic foliations F of degree d. Then∑
p∈Sing(F)∩V
µp(F)
orb =
1
ω0 · · ·ωn
n−1∑
j=0
[
j∑
k=0
(−1)kσj−k(ω)d
k+1
0
]
(d− 1)n−1−j,
where σℓ(ω) denotes the ℓ-th elementary symmetric function.
Proof. It follows from theorem 2.2 that∑
p∈Sing(F)∩V
µp(F)
orb =
∫ orb
V
Cn−1(TV ⊗Oω(d− 1)|V ).
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In order to calculate this integral, consider the Euler sequence
0 −→ TV −→ TPnω|V −→ NV −→ 0 ,
where NV is the normal bundle. Then
C(Pnω) = C(V )C(NV )
and
Cj(V ) = Cj(P
n
ω)− Cj−1(V )C1(NV ) , 1 ≤ j ≤ n− 1.(1)
Moreover, by using the Euler formula we get
Cj(P
n
ω) = Pj(ω)C1(Oω(1))
j .(2)
On the other hand, since
NV = OPnω(V )|V = Oω(d0)|V ,
we have that
C1(NV ) = d0C1(Oω(1)|V ),(3)
and replacing (2) and (3) in (1), we obtain
Cj(V ) =
(
j∑
k=0
(−1)kσj(ω)d
k
0
)
Oω(1)
j , 0 ≤ j ≤ n− 1.
Therefore
Cn−1(TV ⊗Oω(d− 1)|V )
=
n−1∑
j=0
Cn−1−j(V )C1(Oω(d− 1))
j
=
n−1∑
j=0
Cn−1−j(V )C1(Oω(1))
j(d− 1)j
=
n−1∑
j=0
[(
j∑
k=0
(−1)kσj−k(ω)d
k
0
)
C1(Oω(1))
n−1
]
(d− 1)n−1−j.(4)
By Satake-Poincare´ duality, since C1(Oω(d0)) is the Satake-Poincare´ dual of V , we
obtain ∫ orb
V
C1(Oω(1))
n−1 =
∫ orb
Pnω
C1(Oω(1))
n−1 ∧C1(Oω(d0))
= d0
∫ orb
Pnω
C1(Oω(1))
n =
d0
ω0 · · ·ωn
.
The last integral is calculated in [10] and [7]. Finally, the result follows from the
equation (4), integrating on the variety V . 
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3. Proof of Theorem
Denote by d0 = deg(V ) and d = deg(F). It follows from Corollary 2.4 that
(5)
n−1∑
j=0
[
j∑
k=0
(−1)kσj−k(w)d
k+1
0
]
(d− 1)n−1−j = (w0 · · ·wn)
∑
p∈V/ ξ|V (p)=0
Ip(ξ|V ) ≥ 0.
Also, by Corollary 2.3, we have
(6)
n∑
k=0
(d− 1)n−kσk(w) −
n−1∑
j=0
[
j∑
k=0
(−1)kσj−k(w) d
k+1
0
]
(d− 1)n−1−j
= (w0 · · ·wn)
 ∑
p∈Pnw/ ξ(p)=0
Ip(ξ)−
∑
p∈V/ ξ|V (p)=0
Ip(ξ|V )
 ≥ 0.
Firstly, we prove for n = 2. It follows from equation (5) that
−d20 + (σ1(w) + d− 1)d0 = (w0w1w2)
∑
p∈V/ ξ|V (p)=0
Ip(ξ|V ) ≥ 0.
Then 0 < d0 ≤ σ1(w) + d − 1. We have that V ∩ Sing(F) 6= ∅. In fact, suppose
that V ∩ Sing(F) = ∅. In this case V is a leaf of the foliation and we have the
isomorphism of normal orbibundles NF |V ≃ NV |P2ω = Oω(d0)|V . Since the curve V
is a orbifold and V ∩ Sing(F) = ∅, it follows from [7] that deg(NF |V ) = 0. But
this is absurd since
deg(NF |V ) = deg(Oω(d0)|V ) = [Oω(d0)] · V = [Oω(d0)] · [Oω(d0)] = d
2
0 6= 0.
Observe that V ∩ Sing(F) 6= ∅ implied that d0 6= σ1(w) + d − 1, thus d0 ≤
σ1(w) + d− 2 and this proves the Theorem for n = 2.
For n ≥ 3, in order to prove that d0 ≤ d− 1+αnσ1(ω), consider the polynomial
Ψ(t) ∈ Z[t] defined by
Ψ(t) =
n−1∑
j=0
(
j∑
k=0
(−1)kσj−k(ω) t
k+1
)
(d− 1)n−1−j ,
and define Ωn(t) as
Ωn(t) =

d
dt
(
Ψ(t)
t
)
, if n is even
d
dt Ψ(t), if n is odd.
We claim that Ωn(t) 6= 0 for all t ≥ 0 and d ≫ 0. In order to prove that, for each
m positive integer, we define
Pm(t) =
m∑
j=0
(−1)j(m+ 1− j)tm−j and Qm(t) = Pm(t)− Pm−1(t)
where P0(t) := 1.
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Lemma 3.1. Let m be a positive integer. If m is even then the polynomial Qm(t)
is positive for all t ≥ 0.
Proof. The result is equivalent to prove that the polynomial
F (t) = (t+ 1)2Qm(t) = (m+ 1)t
m+2 + 2tm+1 − (m+ 1)tm + 2
is positive for all t ≥ 0. Observe that F (0) = 2 and F (t) ≥ 4 for all t ≥ 1, then it
is enough to prove that F (t) is positive in [0, 1]. Since
F ′(t) = (m+ 1)tm−1((m+ 2)t2 + 2t−m),
the critical points of Q(t) are t = −1, t = 0 and t =
m
m+ 2
. In addition
F
(
m
m+ 2
)
=
(
m
m+ 2
)m(
(m+ 1)
(
m
m+ 2
)2
+ 2
(
m
m+ 2
)
− (m+ 1)
)
+ 2
=
(
m
m+ 2
)m(
−m2 − 4m− 4
(m+ 2)2
)
+ 2
>
(
−m2 − 4m− 4
(m+ 2)2
)
+ 2 =
4(m+ 1)
(m+ 2)2
> 0.
Therefore Qm(t) ≥
4(m+ 1)
(m+ 2)2(t+ 1)2
> 0 for all t ≥ 0.
Lemma 3.2. For all k ≥ 1 we have
σk+1(ω)
σk(ω)
<
σ1(ω)
k + 1
.
Proof. Let ωˇI be the tuple (ω1, . . . , ωn) omitting the coordinates ωi’s with i ∈ I.
Observe that
σk(ω)σ1(ω) =
n∑
i=1
ωiσk(ω) =
n∑
i=1
ωi (ωiσk−1(ωˇi) + σk(ωˇi))
=
n∑
i=1
ω2i σk−1(ωˇi) +
n∑
i=1
ωiσk(ωˇi))
=
n∑
i=1
ω2i σk−1(ωˇi) + (k + 1)σk+1(ω)).
Thus, we get that
σk+1(ω)
σk(ω)
=
σ1(ω)
k + 1
−
n∑
i=1
ω2i σk−1(ωˇi)
(k + 1)σk(ω)
<
σ1(ω)
k + 1
. 
Proposition 3.3. Suppose that d ≥ σ1(ω) + 1, then the polynomial (−1)n−1Ωn(t)
is positive for all t ≥ 0.
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Proof. : First, we consider the case when n is odd. We have that
Ωn(t) =
n−1∑
j=0
(
j∑
k=0
(−1)kσj−k(ω)(k + 1)t
k
)
(d− 1)n−1−j
=
n−1∑
l=0
σl(ω)
(
n−1−l∑
k=0
(−1)k(k + 1)tk(d− 1)n−1−k−l
)
=
n−1∑
l=0
σl(ω)(d − 1)
n−1−l
(
n−1−l∑
k=0
(−1)k(k + 1)sk
)
=
n−1∑
l=0
σl(ω)(d − 1)
n−1−l(−1)n−1−lPn−1−l(s)
where s = td−1 .
We can write Ωn(t)− σn−1(ω) as
=
n−3
2∑
j=0
(d− 1)n−2−2j (σ2j(ω)(d− 1)Pn−1−2j(s)− σ2j+1Pn−2−2j(s)) .
On the other hand, by Lemma 3.2 and the hypothesis, we know that
σ2l(ω)(d− 1) ≥ σ2l(ω)σ1(ω) ≥ σ2l+1(ω).
It follows that
σ2j(ω)(d− 1)Pn−1−2j(s)− σ2j+1Pn−2−2j(s) ≥
≥ σ2j(ω)(d− 1)Pn−1−2j(s)− σ2j+1 |Pn−2−2j(s)|
≥ σ2j(ω)(d− 1) (Pn−1−2j(s)− |Pn−2−2j(s)|)
≥ σ2j(ω)(d− 1)min
{
(n− 2j)sn−1−2j , Qn−1−2j(s)
}
> 0.
This last inequality follows from Lemma 3.1. Therefore Ωn(t) > σn−1(ω) for all
t ≥ 0.
In the case n even, similarly we obtain that
Ωn(t) =
n−1∑
l=0
σl(ω)(d− 1)
n−2−l(−1)n−1−lPn−2−l(s)
=
n−2
2∑
j=0
(d− 1)n−2−2j (−σ2j(ω)(d− 1)Pn−2−2j(s) + σ2j+1Pn−3−2j(s)) ,
and by the previous argument, we have that each term of this sum is negative,
therefore Ωn(t) < 0 for all t ≥ 0. 
Now, in order to finish the proof of Theorem, we have two case to consider:
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3.1. n odd: It follows from Proposition 3.3 that Ψ′(t) = Ωn(t) > 0 for all t ∈ R+.
Then, Ψ is a increasing function and by equation (6), Ψ(d0) ≤
n∑
l=0
(d− 1)n−lσl(w).
We claim that Ψ (d− 1 + αnσ1(ω)) >
n∑
l=0
(d− 1)n−lσl(w). In fact, since
Ψ(t) =
n−1∑
j=0
(
j∑
k=0
(−1)kσj−k(ω) t
k+1
)
(d− 1)n−1−j
=
n−1∑
l=0
σl(ω)(d− 1)
n−l
n−1−l∑
k=0
(−1)k
(
t
d− 1
)k+1
=
t
d− 1 + t
n−1∑
l=0
σl(ω)(d− 1)
n−l
(
1−
(
−t
d− 1
)n−l)
=
t
d− 1 + t
n−1∑
l=0
σl(ω)((d − 1)
n−l − (−t)n−l),
then, putting t = d − 1 + αnσ1(ω)and using that σ2k+1(ω) <
1
2k · σ2k(ω)σ1(ω) for
each k ≥ 1, we have that
−Ψ(t)+
n∑
l=0
σl(w)(d − 1)
n−l =
= σn(ω) +
1
d− 1 + t
n−1∑
l=0
σl(ω)((d − 1)
n−l+1 − (−t)n−l+1)
= σn(ω) + σn−1(ω)
(d− 1)2 − t2
d− 1 + t
+
+
1
d− 1 + t
n−3
2∑
k=0
(
σ2k(ω)((d− 1)
n−2k+1 − tn−2k+1)
+σ2k+1(ω)((d− 1)
n−2k + tn−2k)
)
<
1
d− 1 + t
n−3
2∑
k=1
σ2k(ω)
(
(d− 1)n−2k
(
d− 1 +
1
2k
σ1(ω)
)
− tn−2k
(
t−
1
2k
σ1(ω)
))
+ (d− 1)n+1 − tn+1 + σ1(ω)(d− 1)
n + σ1(ω)t
n.
Then, in order to conclude the proof, it is enough to show that each term of this
summation is less or equal to zero, or equivalently, putting s = d − 1, σ = σ1(ω),
we have to prove that
(I)
(
t
s
)n−2k
≥
s+ 12kσ
t− 12kσ
for each k = 1, . . . , n−32 and
(II) tn(t− σ) ≥ sn(s+ σ).
For item (I), the case n = 3 is empty, then we can suppose that n ≥ 5. By
Bernoulli’s inequality, we have(
t
s
)n−2k
=
(
1 +
αnσ
s
)n−2k
≥ 1 +
(n− 2k)αnσ
s
,
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so, it is enough to prove that right side of this inequality is greater that
s+ 12kσ
t− 12kσ
= 1 +
( 1k − αn)σ
s+ (αn −
1
2k )σ
.
In fact, if n ≥ 7, then αn ≥
2
n and
(n− 2k)αn
(
s+
(
αn −
1
2k
)
σ
)
−
(
1
k
− αn
)
s
> (n− 2k)αn
(
s−
1
2k
σ
)
−
(
1
k
− αn
)
s
>
(
(n− 2k)αn
2k − 1
2k
−
1
k
+ αn
)
s
>
(n
2
αn − 1
)
s > 0,
and when n = 5, it follows that k = 1 and
(n− 2k)αn
(
s+
(
αn −
1
2k
)
σ
)
−
(
1
k
− αn
)
s >
(
5
2
α5 + 3α
2
5
)
s > 0.
Finally, we are going to prove (II). Making U := sσ > 1, observe that
tn(t−σ)− sn(s+ σ)
= (s+ αnσ)
n(s+ (αn − 1)σ)− s
n+1 − σsn
= σn+1
(
(U + αn)
n(U + αn − 1)− U
n+1 − Un
)
= σn+1
((n+ 1)αn − 2)Un + n+1∑
j=1
((
n
j
)
αjn +
(
n
j − 1
)
αj−1n (αn − 1)
)
Un−j+1

= σn+1
((n+ 1)αn − 2)Un + n+1∑
j=0
(
n+ 1
j
αn − 1
)(
n
j − 1
)
αj−1n U
n−j+1

Now, the polynomial
F (X) = ((n+ 1)αn − 2)X
n +
n+1∑
j=0
(
n+ 1
j
αn − 1
)(
n
j − 1
)
αj−1n X
n−j+1
and its derivate F ′(X) satisfy that
• the leading coefficient is positive,
• the list of other coefficients is a decreasing sequence, and then it only has
one change of sign,
• F (0) < 0 and F ′(0) < 0,
• F (1) = (1 + αn)nαn − 2 = 0.
Then, by Descartes’ rule of signs, F ′(X) only has one positive root and that root
is in the interval (0, 1), thus F (X) is an increasing function in (1,∞). Therefore
tn(t− σ)− sn(s+ σ) = σn+1F (U) ≥ σn+1F (1) = 0,
as we want to prove. 
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3.2. n even. By the equation (5) we know that Ψ(d0) ≥ 0. Therefore, if we define
Φ(t) = Ψ(t)t , then Φ(d0) ≥ 0 and from Proposition 3.3 we have that Φ(t) is a
decreasing function.
We claim that Φ(d− 1 + αnσ1(ω)) < 0, and therefore d0 < d− 1 + αnσ1(ω). In
fact, following the same procedure using previously, we have that
Φ(t) =
1
d− 1 + t
n−1∑
l=0
σl(ω)((d− 1)
n−l − (−t)n−l)
=
1
d− 1 + t
n−2
2∑
k=0
(
σ2k(ω)((d− 1)
n−2k+1 − tn−2k+1)
+σ2k+1(ω)((d− 1)
n−2k + tn−2k)
)
From here, the same argument of the case odd works. 
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